Abstract. In the paper, all nontrivial Huygens stepwise gauge-equivalent deformations for a priori Huygens homogeneous differential operators with constant coefficients are described explicitly. A condition is obtained under which an operator in the class of stepwise gauge-equivalent operators is Huygens, and new examples are given of iso-Huygens deformations of radial homogeneous differential operators of higher order. §1. After Hadamard's work, it had long been a common opinion that the Huygens principle is a unique phenomenon inherent only to the wave operator (or to its elementary transformations). However, Stellmacher [4] constructed a nontrivial example of a Huygens operator by adding a potential of a special type to the wave operator. In modern terms, he performed an iso-Huygens deformation of the wave operator by a potential with a second order singularity in the plane.
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Abstract. In the paper, all nontrivial Huygens stepwise gauge-equivalent deformations for a priori Huygens homogeneous differential operators with constant coefficients are described explicitly. A condition is obtained under which an operator in the class of stepwise gauge-equivalent operators is Huygens, and new examples are given of iso-Huygens deformations of radial homogeneous differential operators of higher order.
§1. Introduction. Statement of the problem
The problem of describing the differential equations (operators) satisfying the Huygens principle is well known in the literature as Hadamard's problem (see, e.g., [1] - [3] and the references therein).
A differential operator satisfies the Huygens principle (in the sense of Hadamard) if it has a fundamental solution with support of positive codimension. After Hadamard's work, it had long been a common opinion that the Huygens principle is a unique phenomenon inherent only to the wave operator (or to its elementary transformations). However, Stellmacher [4] constructed a nontrivial example of a Huygens operator by adding a potential of a special type to the wave operator. In modern terms, he performed an iso-Huygens deformation of the wave operator by a potential with a second order singularity in the plane.
Later, Stellmacher and Lagnese [5] obtained all possible iso-Huygens deformations of the wave operator by potentials depending on one variable. It turned out that all such potentials (Lagnese-Stellmacher potentials) can be obtained from the zero potential by finitely many Darboux transformations of the one-dimensional Schrödinger operator; see [6, 2, 3] .
Actually, from that point on, a new line of investigations in Hadamard's problem started to develop, related to performing nontrivial iso-Huygens deformations of a priori Huygens operators (see, e.g., [3] , [7] - [10] ).
Presently, the Hadamard problem is well studied for second order operators with arbitrary coefficients (especially in four-dimensional space; see [2, 3] ).
For higher order operators, Hadamard's problem is poorly studied (see, e.g., [11, 12] ). No attempts to extend the Hadamard construction directly to higher order operators have been a success [13] .
In the papers [3, 7, 8, 10] , based on the theory of gauge-equivalent operators and intertwining operators with spectral parameters, Berest, Veselov, and Molchanov constructed an analog of the Hadamard Ansatz for deformed operators of arbitrary orders. This construction made it possible to obtain iso-Huygens deformations of the wave operator by the Calogero-Moser potentials [3] .
It is well known that not all Huygens equations can be transformed into equations with constant coefficients in the principal parts. Examples of such equations are provided by the Günther equations [14] and the Semenov-Tyan-Shanskiȋ hyperbolic systems of wave equations with "multidimensional time" [15] . Using the results of [15] , Helgason [16] described an important relationship between the Huygens principle and problems of integral geometry. A link between the validity of the Huygens principle and the possibility for obtaining local inversion formulas for the Radon transformation was also discussed in [17] , and that between the Huygens principle and the validity of the Fuglede formula for the integral transformation along planes was discussed in [18] .
We note that the Hadamard criterion for the finiteness of a series-Ansatz [1] , the Petrovskiȋ criterion for the existence of a lacuna [19] , and the links established between the Huygens principle and a local inversion formula for the Radon transformation [15, 16] allow one only to determine whether a given operator is Huygens and give no way to construct new Huygens operators.
In the present paper, we use the approach of Stellmacher-Lagnese-Berest-Veselov to solve the Hadamard problem in the class of stepwise gauge-equivalent deformations of homogeneous differential operators with constant coefficients. Thus, we are interested in the situation where the basic space related to an equation (operator) of an arbitrary order is locally conformally flat (in this case, the coefficients of the principal part of the operator can be regarded as constants).
In this paper, the basic methods and notions do not depend on the fact that the coefficients of the principal part of the operator in question are constant. Therefore, there is some hope that the results of the paper can be extended to the case of variable coefficients.
The author is grateful to the participants of V. M. Babich's seminar on mathematical physics and to Semenov-Tyan-Shanskiȋ for an interesting and important discussion of problems touched upon in this paper; to Yu. Yu. Berest and A. P. Veselov, whose work provided a basis for the author's results; and to the reviewer for significant remarks that improved the exposition in § §4, 5, and 8. §2. Gauge-equivalent operators Specific examples of classes of differential operators satisfying the so-called gauge equivalence property were presented in the papers [3] , [7] - [9] , where the verification of this property was based on the method of intertwining operators with spectral parameters and is fairly difficult. The problem of describing more or less general constructions of classes of gauge-equivalent differential operators was posed in the paper [8] . An attempt at constructing a gauge equivalence class for hyperbolic operators was made in [10] .
In the present paper, we use the notion of stepwise gauge-equivalence of operators [20] , which is a direct analog of the Darboux transformation of the one-dimensional Schrödinger operator [2, 3, 6] , and give an explicit construction of deformations of homogeneous differential operators with constant coefficients that are gauge equivalent to a given operator.
On R N , N ≥ 2, we consider a homogeneous differential operator L 0 of order K ≥ 2 with constant coefficients. We assume that the operator L 0 admits a Riesz kernel. This means [8] that there exists a family of distributions Φ domain Reλ > λ 0 , λ 0 < 0 (λ is a complex parameter), and satisfying the conditions
0 = δ (δ is the Dirac delta function). A formal method for constructing a Riesz kernel of L 0 in the form of Fourier integrals was given in [8] . There are many specific cases where this method yields explicit expressions for Riesz kernels; see [3, 21] .
By a deformation L of an operator L 0 we mean an operator
obtained from L 0 by adding differential operators of smaller order with variable coefficients (and admitting no reduction to L 0 by elementary transformations; see [22, 1, 2] ).
We recall [3] that an operator
where the skew adjoint action operator ad
M A,B C is defined by the recurrence relation
As was noted above, it is difficult to verify condition (1) for specific deformations L k . It is also unclear why the deformations L k must have a specific form and whether gauge-equivalent deformations can be constructed for every homogeneous operator L 0 .
In this connection, the following problem arises: construct an algorithm for finding the coefficients of the deformation L k having a Riesz kernel (2) .
A special case of this problem was solved in the paper [20] where, on the basis of Fourier's method of separation of variables and the conditions of stepwise gauge equivalence for operators, deformations of the operator L 0 in a given direction were constructed, with coefficients of the deformations depending on one variable.
In the present paper, the above problem is solved with the help of a necessary and sufficient condition for stepwise gauge equivalence of operators. Moreover, our criterion leads to a specific form of these deformations (up to shifts in the variable). Preparatory work was done in [23] , where the problem on stepwise gauge equivalence of deformations L k , k ∈ {0} ∪ N, was reduced to the problem of solving an overdetermined system of partial differential equations for the coefficients of the deformations and for the function f k (see equation (1)). §3. Deformations. Riesz kernels
We introduce the following notation:
We choose an arbitrary nonzero vector parameter
and, for s = 1, . . . , K, consider the sums
Obviously, the operators
provide a sequence of deformations of the operator L 0 . In other words, R 0 = L 0 and
is a Riesz kernel of R k . 1 We deliberately use this kind of notation for an operator (in contrast to the multi-index notation). This will allow us to introduce some constructions and simplify calculations in the proof of the main theorem.
The proof is based on Theorem 1 in [8] , mentioned in the Introduction, and on the condition for the operators R k and L 0 to be k-gauge equivalent via the function A, x k :
The proof of the latter relation is based on the property of stepwise gauge equivalence for the operators R k , k ∈ Z + [23] . §4. Stepwise gauge equivalence
As above, let L k , k ∈ Z + , be deformations of the operator L 0 , and let s be a positive integer.
Definition 1.
The operators L k , k = 0, 1, . . . , s, satisfy the condition of stepwise gauge equivalence via one and the same function f if, for all k = 1, . . . , s, the following relation is valid:
Thus, by definition, two operators with neighboring values of the parameter are 1-gauge equivalent via f . (Actually, this definition was introduced in Theorem 1 in [23] .)
Thus, to prove that conditions (4) are satisfied, it suffices to verify conditions (5) for the stepwise gauge equivalence of the operators (3). In the following theorem, we present necessary and sufficient conditions under which deformations of homogeneous differential operators with constant coefficients are gauge equivalent. 
N . By the necessary condition for gauge equivalence of operators, the principal symbols of these operators must coincide [23] . Therefore, we define a deformation of L 0 , depending on the parameter k ∈ Z + , by the equation
where the coefficients u k α (x) are smooth almost everywhere and satisfy the conditions
License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use
Next, for every smooth function f ≡ 0, we put
where the binomial coefficient is defined on multi-indices as the product of binomial coefficients on the corresponding subindices, and the partial ordering of multi-indices is defined by the rule
In [23] , it was proved that condition (5) of stepwise gauge equivalence can be rewritten as the overdetermined system
nonlinear partial differential equations, for u k α (x) and f . As was proved in [23] , the function f must be a linear form (up to affine shifts),
We represent the deformation (6) in the following form similar to (3):
Solving system (7) for such operators, with f (x) = A, x , we see that the coefficients u k j (α, x) must have the form
Thus, system (7) can be transformed into an overdetermined system of nonlinear equations for the constants c k j (α; q 0 ; A). Next, the calculation of the commutator
shows that the c k j (α; q 0 ; A) look like this:
where the p j = p(j) are constants depending only on j, and as before, (k, j) is the Pochhammer symbol. Consequently, the operators L k satisfy (up to translations) the condition of stepwise gauge equivalence if and only if
We introduce the notation
and find the constants p j . Let f (x) = A, x , as before. A direct calculation (it is faster to use a computer algebra package) shows that, first,
Thus, the system of equations for the constants p j has the form (8)
where
, we see that in the first group the equations are identities:
We consider the second group of equations in (8) for k = 1. Since
the equations in this group take the form
This is a nondegenerate triangular system, and therefore, it has a nontrivial solution unique up to a constant p 0 = 0:
It is easy to check that (9) satisfies all equations in (8) for arbitrary k ∈ N.
It remains to take into account that q 0 = a α 1 ,...,α K was defined up to multiplication by a constant. Therefore, we can put p 0 = 1. Thus, the numbers of the form (9) and only these numbers (up to a common constant multiple) satisfy system (8) , and
The theorem is proved. §5. Hadamard's problem
We apply Theorem 2 to solve Hadamard's problem in the class of stepwise gaugeequivalent deformations of a priori Huygens homogeneous operators with constant coefficients.
Definition 2.
A differential operator satisfies the Huygens principle (the strong Huygens principle) if it has a fundamental solution with support of codimension equal to (greater than) 1. 
Corollary. Let L 0 be a homogeneous differential operator of order K with constant coefficients and with Huygens index H. The operator L k is an iso-Huygens stepwise gauge-equivalent deformation of L 0 if and only if k ≤ H − 1 and, up to shifts in the variable, we have
Proof. The "only if " part. Let L k be a stepwise gauge-equivalent deformation of L 0 . By Theorem 2, up to shifts in the variable, L k has the form indicated in the corollary. By Theorem 1 and Proposition 1, the fundamental solution of L k at ξ ∈ R N , A, ξ = 0, is given by the Berest-Veselov-Molchanov Ansatz
Here Φ
0 , j = 0, 1, . . . , l (l is sufficiently large), is defined by the equation
Next, since L H 0 satisfies the Huygens principle, the codimension of the support of the fundamental solution E k is at least 1 if 1 + j ≤ H for all j = 0, . . . , k. It remains to note that differentiation cannot make the dimension of the support larger.
The "if" part. If, up to shifts in the variable, the operator L k has the form indicated in the corollary, then, first, L k is a deformation of L 0 ; second, by Theorem 2, L k satisfies the conditions of stepwise gauge equivalence of operators; and third, its fundamental solution E k has codimension at least 1 if k ≤ H − 1. Consequently, L k is an iso-Huygens stepwise gauge-equivalent deformation of L 0 . The proof is complete.
Remark. Every power r of L k also satisfies the Huygens principle provided k ≤ H − r. In this case, the Huygens index H k of the deformed operator L k is related to the Huygens index H of L 0 by the formula
Cayley-Gårding-Gindikin operators and their iso-Huygens deformations
In this section, we give an explicit example of iso-Huygens deformations of the homogeneous hyperbolic Cayley-Gårding-Gindikin operator [24, 12, 9] on the space SM m of symmetric real (m × m)-matrices.
On SM m , we consider the hyperbolic Cayley-Gårding-Gindikin operator 
where a (r) is a submatrix of order r and z is an (r × (m − r))-rectangular dependence matrix. On this subset W , we introduce the measure
which satisfies the quasi-invariance condition 
Definition 4 ([9]). By the distribution δ(V
of the Cayley-Gårding-Gindikin operator D m = det(∂ a ) with singularities on the planes tr(Aa) = 0. 
This proposition follows directly from Theorems 1 and 2. §7.
Iso-Huygens deformations of Cayley-Laplace operators
In this section, we present a construction of iso-Huygens deformations of a homogeneous nonhyperbolic Cayley-Laplace operator [21, 25] 
where z is the matrix of linear dependence. The group of transformations x → ρxg, ρ ∈ O(n), g ∈ GL(m), acts on U . With respect to this action, there is a unique (up to a constant factor) measure on U ,
, that satisfies the following relative invariance condition: On M n,m , we consider the nonhomogeneous nonhyperbolic Cayley-Laplace operator [9] L
If 2s ≤ min{m − 1, n − m}, then the operator ∆ s m satisfies the strong Huygens principle; see [25] .
If CL s (X, ∂ x ) denotes the homogeneous operator
of order 2m − s, then CL 0 = ∆ m and CL 2m = det( XX). We consider the deformation
of the Cayley-Laplace operator ∆ m = det( ∂ x ∂ x ) with singularities on the planes tr( Xx) = 0. 
This proposition follows directly from Theorems 1 and 2. §8. The general problem
As before, let
be a homogeneous differential operator on R N of order K with constant coefficients. We denote by A = A = (A 1 , . . . , A N ) ∈ R N a system of nonzero vectors in R N and by k A : A → Z + nonzero functions on the vectors in A.
Consider the deformations These deformations coincide with the well-known deformations of the Laplace operator by the Calogero-Moser potentials, and they satisfy the condition of |k|-gauge equivalence via the function f {k A } ; see [3, 7, 8] .
As a result, we see that the deformation of the wave operator by the Calogero-Moser potentials [3, 7, 8] Remark. As has already been mentioned, the Huygens index H of the wave operator on R 1+N is H = N − 1 2 if N is odd. Moreover, the Huygens index H +u {k A } (x) of the deformation + u {k A } (x) of the wave operator reduces, naturally, to
